In n-dimensional hyperbolic space H n (n ≥ 2) there are 3-types of spheres (balls): the sphere, horosphere and hypersphere. If n = 2, 3 we know an universal upper bound of the ball packing densities, where each ball volume is related to the volume of the corresponding Dirichlet-Voronoi (D-V) cell. E.g. in H 3 the densest horoball packing is derived from the {3, 3, 6} Coxeter tiling consisting of ideal regular simplices T ∞ reg with dihedral angles π 3 . The density of this packing is δ ∞ 3 ≈ 0.85328 and this provides a very rough upper bound for the ball packing densities as well. However, there are no "essential" results regarding the "classical" ball packings with congruent balls, and for ball coverings either. The goal of this paper to find the extremal ball arrangements in H 3 with "classical balls". We consider only periodic congruent ball arrangements (for simplicity) related to the generalized, so-called complete Coxeter orthoschemes and their extended groups. In Theorems 1.1-1.2 we formulate also conjectures for the densest ball packing with density 0.77147 . . . and the loosest ball covering with density * 1 2 Emil Molnár and Jenő Szirmai 1.36893 . . . , respectively. Both are related with the extended Coxeter group (5, 3, 5) and the so-called hyperbolic football manifold (look at Fig. 3 ). These facts can have important relations with fullerens in crystallography.
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Introduction
Ball packing problems concern the arrangements of non-overlapping equal balls which fill space. Usually, space is the classical three-dimensional Euclidean space E 3 . However, ball packing problems can be generalized to the other 3-dimensional Thurston geometries.
In an n-dimensional space of constant curvature E n , H n , S n (n ≥ 2) let d n (r) be the density of n + 1 equal balls of radius r mutually touching one another with respect to the simplex spanned by the centres of the balls. L. Fejes Tóth and H. S. M. Coxeter conjectured that in an n-dimensional space of constant curvature the density of packing balls of radius r cannot exceed d n (r). This conjecture has been proved by C. Rogers in Euclidean n-space. The 2-dimensional case has been solved by L. Fejes Tóth. In a threedimensional space of constant curvature the problem has been investigated by K. Böröczky and A. Florian in [2] and it has been studied by K. Böröczky in [1] for n-dimensional spaces of constant curvature (n ≥ 4). The upper bound d n (∞) for H n (n = 2, 3) is attained for a regular horoball packing, that is, a packing by horoballs which are inscribed in the cells of a regular honeycomb of H n (i.e. H n is closed by its ideal points, or ends).
In H 3 there is exactly one horoball packing with horoballs in the same type whose Dirichlet-Voronoi cells give rise to a regular honeycomb described by the Schläfli symbol {6, 3, 3} . Its dual {3, 3, 6} consists of ideal regular simplices T ∞ reg with dihedral angles
building up a 6-cycle around each edge of the tessellation. The density of this packing is δ ∞ 3 ≈ 0.85328. We have considered some new aspects related to the horoball and hyperball packings in [13] , [14] , [15] , [11] and [10] .
However, there are no "essential" results regarding the "classical ball packings and coverings" with congruent balls. What are the extremal ball arrangements in H n and what are their densities? The goal of this paper to study the above problems in H 3 with "classical balls". We consider periodic congruent ball packings and coverings (for simplicity and for good constructions, only) related to the generalized, so-called complete Coxeter orthoschemes and their extended groups. We formulate two theorems and conjectures for the densest ball packing with density 0.77147 . . . , and for the loosest ball covering with density 1.36893 . . . , respectively. Definition 1.1 For a given packing of H n (2 ≤ n ∈ N natural numbers) each ball volume is related to the volume of its D-V cell, (i.e. the closed domain whose any point lies not further to the given ball centre than to each other centre of the ball system), then take the infimum of these ratios for all balls; this is called the density of the given packing. Then the supremum of these infima is taken for all ball packings of H n to get the maximal packing density and the densest packing of H n (if such a packing exists at all). Definition 1.2 For a given covering of H n each ball volume is related to the volume of its D-V cell, than take the supremum of these ratios for all balls (this is called the density of the given covering); then the infimum of these suprema is taken for all ball coverings of H n to get the minimal covering density and the loosest covering of H n (if such a covering exists at all). Theorem 1.2 Among the above groups the same (with half-turn extended (5, 3, 5) group) provides the same (congruent) ball centre orbit of A 3 for the loosest ball covering, again by its football D-V-cell {5, 6, 6} but with its circumscribed ball, see Fig. 1 and 3 . The density of this ball covering is 1.36893 . . . with radius R = 1.12484... = A 3 F 12 . This is the conjectured minimal density for all ball coverings of H 3 .
Our numerical results are collected in Tables, where we give only the relevant data (because of the page restriction of this paper).
Our systematic computations will give the Proof of Theorems 1.1-1.2.
We will use the well-known Beltrami-Cayley-Klein model of H 3 with the classical projective metric calculus (see e.g. [12] ).
The projective model and complete orthoschemes
We use for H 3 (and analogously for H n , n > 3) the projective model in the Lorentz space E 1,3 that denotes the real vector space V 4 equipped with the bilinear form of signature (1, 3) 
, are determined up to real factors, for representing points of P n (R). Then H 3 can be interpreted as the interior of the quadric Q = {(x) ∈ P 3 | x, x = 0} =: ∂H 3 in the real projective space P 3 (V 4 , V 4 ) (here V 4 is the dual space of V 4 ). Namely, for an interior point Y (y) holds y, y < 0. The points of the boundary ∂H 3 in P 3 are called points at infinity, or at the absolute of H 3 . The points lying outside ∂H 3 are said to be outer points of H 3 relative to Q. Let (x) ∈ P 3 , a point (y) ∈ P 3 is said to be conjugate to (x) relative to Q if x, y = 0 holds. The set of all points which are conjugate to (x) form a (polar) hyperplane pol(x) := {(y) ∈ P 3 | x, y = 0}. Thus the quadric Q induces a bijection (linear polarity V 4 → V 4 ) from the points of P 3 onto their polar hyperplanes. The point X(x) and the hyperplane α(a) are incident if
is the natural length unit in H 3 , where K denotes the constant negative sectional curvature. In the following we may assume that k = 1.
Characteristic orthoschemes and their volumes
An orthoscheme O in H n n ≥ 2 in classical sense is a simplex bounded by n + 1 hyperplanes H 0 , . . . , H n such that H i ⊥H j , for j = i − 1, i, i + 1. Or, equivalently, the n + 1 vertices of O can be labelled by A 0 , A 1 , . . . , A n in such a way that span(A 0 , . . . , A i ) ⊥ span(A i , . . . , A n ) for 0 < i < n − 1.
Geometrically, complete orthoschemes of degree m = 0, 1, 2 can be described as follows: 2. A complete orthoscheme of degree m = 1 can be constructed from an orthoscheme with one outer principal vertex, one of A 0 or A n , which is simply truncated by its polar plane (see Fig. 1-2 ).
3. A complete orthoscheme of degree m = 2 can be constructed from an orthoscheme with two outer principal vertices, A 0 and A n , which is doubly truncated by their polar planes pol(A 0 ) and pol(A n ) (see Fig. 1-2 ).
For the complete Coxeter orthoschemes O ⊂ H n we adopt the usual conventions and sometimes even use them in the Coxeter case: If two nodes are related by the weight cos π p then they are joined by a (p − 2)-fold line for p = 3, 4 and by a single line marked by p for p ≥ 5. In the hyperbolic case if two bounding hyperplanes of S are parallel, then the corresponding nodes are joined by a line marked ∞. If they are divergent then their nodes are joined by a dotted line.
In the following we concentrate only on dimensions 3 and on hyperbolic Coxeter-Schläfli symbol of the complete orthoscheme tiling P generated by a complete orthoscheme O. To every scheme there is a corresponding sym- to be discussed yet for hyperbolicity. Now only 3 ≤ u, v, w come into account (see [6] , [7] ). Then it holds
This 3-dimensional complete (truncated or frustum) orthoschemes O = W uvw and its reflection group G uvw wil be described in Fig. 2 , and by the symmetric Coxeter-Schläfli matrix (b ij ) in formula (2.1), furthermore by its inverse matrix (a ij ) in formula (2.2). 
where
In the following we use the above orthoschemes whose volume is derived by the next Theorem of R. Kellerhals ([8] , by the ideas of N. I. Lobachevsky):
Theorem 2.1 (R. Kellerhals) The volume of a three-dimensional hyperbolic complete orthoscheme O = W uvw ⊂ H 3 is expressed with the essential angles Fig. 1 .a, b) in the following form:
) is defined by:
and where L(x) := − x 0 log |2 sin t|dt denotes the Lobachevsky function.
The volume Vol(B(R)) of a ball B(R) of radius R can be computed by the classical formula of J. Bolyai:
3 Essential points in a complete (truncated) orthoscheme
) be the vertices of the above complete orthoscheme W uvw by the u, v, w above (see Fig. 1 
,2). The principal vertices
A 0 and A 3 can be proper (a ii < 0, i ∈ {0, 3}), boundary (a ii = 0) or outer points (a ii > 0) We exploit the logical symmetry 0, 1 ↔ 3, 2.
We distinguish the following main configurations of the principal verices A 0 and A 3 :
1.s.i u = w, F 03 F 12 is half turn axis, h is the half turn changing 0 ↔ 3, 1 ↔ 2. Here a "half orthoscheme" JQEB 13 F 12 B 02 F 03 A 2 will be the fundamental domain of G u=w,v .
, then a 0 (a 0 ) = CLH is its polar plane.
A 3 is outer point
, then a 3 (a 3 ) = JEQ is its polar plane.
2.i. A 0 is proper or boundary point
2.s.ii u = w, F 03 F 12 is half turn axis, h is the half turn changing 0 ↔ 3, 1 ↔ 2. Here a "half orthoscheme" JQEB 13 F 12 B 02 F 03 A 2 will be the fundamental domain of G u=w,v .
We obtain with easy calculations the following inportant lemmas (see Fig. 1 ,2):
Lemma 3.1 Let A 0 be an outer principal vertex of the orthoscheme W uvw and let a 0 (a 0 ) = CLH be its polar plane where
whose vectors are the following: 
A 2 whose vectors are the following:
Ba 33
Lemma 3.3 The midpoint K(k) (see Fig. 1 ) of A 2 Q can be determined by the following vector:
Especially, if u = w the midpoints F 03 of A 0 A 3 and F 12 of A 1 A 2 , respectively can play important roles, since F 03 F 12 will be the axis of half turn,
(Here a 00 = a 33 and a 11 = a 22 hold, of course.) Fig. 1 ) can be determined by the following vectors:
independently of A 0 and A 3 both are either proper, boundary or outer points.
The perpendicular foot point Y (y), dropped onto a plane (u) from point X(x) is given by
where (u) is the pole of the plane (u). In the considered cases the planes are the faces of the orthoscheme W uvw , therefore the poles b i * = b i = b ij a j play an important role in the computations that are derived by the matrix (2.1): 
thus for coefficient c = −1. We similarly get the other foot points on the simplex side planes b i i ∈ {0, 1, 2, 3}. Dividing points of edges of W uvw (or of its half domain) e.g. D ij ∈ A i A j (i < j ∈ {0, 1, 2, 3}) can also have special roles with more cumbersome calculations: d ij = a i + d ij a j will be interesting for appropriate coeffitient d ij . The at least two locally minimal face distances from a D ij occur for packing. Or at least two locally maximal vertex distances from a D ij occur for covering. Maybe, we obtain different D ij 's for locally maximal packing and locally minimal covering, respectively.
We leave out these lengthy discussions here. Only F 03 , F 12 and K will be mentioned in Sect. 4 at cases c, d and h, respectively.
Face points F i on b i or F i on a i can play similar roles (for at least three locally minimal face distances and at least three locally maximal vertex distances, respectively) for searching locally extremal densities, but we do not discuss details here, because they will not be relevant for the optimal packing and covering, respectively.
Extremal "incentre" I in the body of W uvw for packing and "circumcentre" G in W uvw for covering (for at least four locally minimal face distances and at least four locally maximal vertex distances, respectively) will not be discussed as well, because they provide only local extrema (far from our (5, 3, 5) absolute optima (Table 1 .s.i.a)), after lengthy but straightforward discussions.
Ball packings and coverings
For any fixed u, v, w, satisfying the hyperbolity inequlities, we consider the competitive ball centres, as follow, for maximal packing density and minimal covering density. We indicate the centres where they occur, respectively. For the ball centre O we have roughly 8 competitive cases (Fig. 1): a. A 3 is the ball centre, |Stab A 3 G| = e. Q is the ball centre, |Stab Q G| = 4u, f. J is the ball centre, |Stab J G| = 4v, g. E is the ball centre, |Stab E G| = 8, h. the midpoint K of A 2 Q is the ball centre, |Stab K G| = 2u.
K gives (only) estimates for the points of A 2 Q, in general. Competitive packing ball radii r for r opt with maximal density
Competive covering ball radii R for R opt with minimal density:
Case 1.i.a
In this case A 3 is proper O = A 3 is the ball centre. A O is either proper or boundary point. In the latter case covering is not defined. The optimal radii can be derived by the Beltrami-Cayley-Klein model (see Section 2, 3):
Ba 00 a 33 ,
3)
The densities of the ball packings and coverings for given parameters u, v, w can be computed by the formulas (4.1) and (4.2), also later on. 
(4.5) We do not obtain relevant arrangements for optima.
Case 1.ii.a
In this case A 3 is proper O = A 3 is the ball centre. A O is outer, a 0 = CLH (see Fig. 1 ) is its polar plane.
a 00 a 33 = sin
a 00 a 33 (a 11 a 00 − a a 00 a 33 .
(4.9) Table 1 .ii.a, Packing, O = A 3 , Table 1 .ii.a, Covering, O = A 3 , (3, 3, 8 
a 00 a 22 (a 11 a 00 − a (3, 4, 6 
Case 2.i.b
In this case A 3 is outer, a 3 = JEQ is its polar plane, A 0 is proper or boundary point. O = A 2 is the ball centre (see Fig. 1 ). 
(u, v, w) r opt V ol(Wuvw) V ol(B(r opt )) δ opt (7, 3, 3) 0.70133 0.08856 1.59395 0.64279 (7, 3, 4) 0.81624 0.16297 2.60141 0.57008 (7, 3, 5) 0 The cases 2. i. e, f, g, h with O = Q, J, E, K, respectively, will be not relevant for optimal densities.
Case 2.ii.b
In this case A 3 is outer, a 3 = JEQ is its polar plane, A 0 is outer with polar plane a 0 = CLH. O = A 2 is the ball centre (see Fig. 1 ).
(4.12) The cases 2. ii. e, f, g, h with O = Q, J, E, K, respectively are not relevant for optimal densities.
Case 2.s.ii.b
O = A 2 is the ball centre (see Fig. 1 ) and u = w. The density is related to the "half orthoscheme".
(4.13) Fig. 1 ) and u = w.
(4.14) 4.14 Case 2.s.ii.e O = Q is the ball centre (see Fig. 1 ) and u = w. The cases 2. s. ii. f, g, h with O = J, E, K, respectively are not relevant for optimal densities.
